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The Markov chain Monte Carlo method (MCMC)

Images taken from Wikipedia, By Kmhkmh - Own work, CC BY 4.0, https://commons.wikimedia.org/w/index.php?curid=1400134802

MC + MC

Markov chains Monte Carlo

https://commons.wikimedia.org/w/index.php?curid=140013480


Markov chains
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 - unique left eigenvector of  and with the largest eigenvalue 1 normalized by the  normπ P L1
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Usually in MC of interest, ,  could be a cold start with|Ω | = 2n μ0
μ0

π
− 1

2,π

= Θ(2−n)

Warm starts advantage: A simple example
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Lollipop graph
Kn

Pn

→
μ0

π
− 1

2,π

= Θ(1)

Thus, warm starts which are  close to  lead to  improvement in mixing time!Θ(1) π poly(n)

 supported only on vertices of μ0 Kn

 supported only on vertices of μ0 Pn

→
μ0

π
− 1

2,π

= Θ( n)

Directly implies mixing time improvement of  * O(ln(n))

* rigorous analysis leads to polynomial improvement  



When  is binary matrix, A perm(A) = ℳ = ♯Perfect matchings of G(A)perm(An×n) = ∑
σ∈Sn

n

∏
i=1

Ai,σ(i)

But counting the number of perfect matchings exactly is -Hard♯P

Warm starts advantage: Permanent of 0-1 matrix
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But can we approximately count it? Yes, if we can approximately sample a uniformly random perfect matching!

A Markov chain which mixes fast and whose stationary distribution allows 
us to sample perfect matchings uniformly at random!

How to sample a uniformly random perfect matching?

Monte Carlo

Markov chain

perm (
1 0 0
1 1 1
0 1 1) = ♯Perfect matchings of 

(1 − ϵ) ⋅ perm(A) ≤ p̃erm ≤ (1 + ϵ) ⋅ perm(A)
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Warm starts advantage: Permanent of 0-1 matrix
Jerrum-Sinclair-Vigoda (JSV) chain:

Addition/Deletions

G =  verticesn

Ω
Usually  vertices in state space2Ω(n)

Rotations

Hole 
pattern 
(1,1) (2,2) (3,3)

(1,2) (3,2)

Stationary distribution πG ∼ Unif(perfect, near-perfect)

But this mixes in time 
 only if 

.

poly(n)
ℳ

ℳu,v
≥

1
poly(n)

Jerrum, Sinclair, Vigoda 2001
Not true for all bipartite graphs!

Perfect matching

Near-perfect matchings

Near-perfect matchings
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Warm starts advantage: Permanent of 0-1 matrix
Work around: assign weights to every matching to reflect the ratios so that all matchings in the end have same weight

But knowing the ratio is as hard as finding the permanent!

Solution: Sequence of graphs  such that the ratios changes slowly from  and  is the complete bipartite graphGi Gi to Gi+1 G0

G0 G1 Gl−1 Gl = G

Slowly reduce activities 
of non-existing edges

 can be prepared in  time*πl = πG poly(n)

 is small
weightsi

weightsi+1
 is a warm start for πi πi+1 JSV mixes in  steps on poly(n) Gi, ∀i

Jerrum, Sinclair, Vigoda 2001

l = poly(n)

Gi Gi+1

… …

Thick edges - more activity

Thin edges - less activity



Sample from  acts as a warm start for πβi
πβi+1

Hence, we can sample from the target  quickly!πβl

Generic framework of using warm starts
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β1 > β2 > … > βi > … > βn−1 > βn

πβ1
→ πβ2

→ … → πβi
→ … → πβl−1

→ πβlβ2 β3 βi+1 βn

Simulated Annealing
Sequence of Markov chains  parameterized by ℳ(β) β

It is often easy to sample from  but difficult to sample from πβ1
πβn

Inspired by physics 
- stable 
configuration of a 
system at low 
temperature

Image taken from Wikipedia

Simulated annealing of TSP solutions
β =  length of tour



Quantum Computation
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Quantum states - vectors  
- normalized by -norm

|v⟩ ∈ ℂn

L2

Probability vectors  
- normalized by -norm

v ∈ ℝn

L1

Only unitary operatorsOnly stochastic operators

Warmness is 
more important 
for quantum!

Quadratic 
speedup w.r.t 
spectral gap!

U |π⟩ = |π⟩ is top eigenvector of π P

Usually measured by   F(μ0, π) = ∑
x∈Ω

μ0(x)π(x) L2 − warmness

Classical Quantum

Transition matrix P
Π = diag(π(1), π(2), …, π(n))

Unitary U = (Π1/2PΠ−1/2 *
* * )

Eigenvalues of both  are relatedP and U

θi = cos−1(λi)

Theorem (informal): quantum − tmix(ϵ) = O ( 1
(1 − λ2)

⋅ ( warmness(μ0 → π)
ϵ ))

Magniez et al. 2011
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Polynomial speedup for permanent
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Theorem (informal): quantum − tmix(ϵ) = O ( 1
(1 − λ2)

⋅ ( warmness(μ0 → π)
ϵ ))

Our theorem: There is a quantum algorithm that approximates the permanent of a 
binary  matrix in time .n × n Õ(n5)

Techniques used: Gap amplification, Quantum walks, Multidimensional 
Amplitude estimation, Non-destructive phase estimation and others 

Theorem (Bezáková et al. 2007): There is a randomized algorithm that approximates 
the permanent of a binary  matrix in time .n × n Õ(n7)Curre

nt best classical

 speedup!

O(n
2 )



Is the speedup polynomial always?
H = adjacency matrix A of G with 2n vertices

O(poly(n)) time
Quantum task: 

Re-align a -warm start to L2 v

Classical task: 

Re-align a -warm start to L1 v

 - top eigenvector of  normalized by -normv H L2

Ω (2no(1))  time

Super-polynomial separation between Quantum and classical!

ENTRANCE EXIT

C1 C2 C3 C4 · · · Cω→3 Cω→2 Cω→1 Cω

Funnel Tunnel Funnel

G

Gilyén, Hastings, Vazirani STOC 2021



L1 vs L2 normalization

Let  of size α = (2n/2,1,…,1) 2n

-normalized distribution - almost uniform, with the first 
coordinate having weight .
L1

1/(2n/2 + 1 − 2−n/2) ≈ 1/2n

-normalized distribution - heavily biased toward its first 
coordinate, whose weight is .
L2

1/(2 − 2−n) ≈ 1/2



Why is it not easy for classical always?
Classical random walk on  - samples


from the top eigenvector of
G

P = diag(d(1), d(2), …, d(2n))−1A

Classical random walks tend to move to the trees

In the top eigenvector of a tree,  
weight is more on leaves whereas  
weight is heavily concentrated on the 

root

L1
L2

This is different from !v
Same only when graph is regular!

Quantum algorithm mostly stays in the original graph!

ENTRANCE EXIT

C1 C2 C3 C4 · · · Cω→3 Cω→2 Cω→1 Cω

Funnel Tunnel Funnel

H = adjacency matrix A of G with 2n vertices
 - top eigenvector of  

normalized by -norm
v H

L2

Gilyén, Hastings and Vazirani 2021



Quantum Adiabatic Algorithm
Classical Optimization problems

Hi = H(0)
H(s)

Hf = H(1)



Open questions
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• What is the quantum speedup to approximately sample a uniformly random spanning tree?

• Are there some natural distributions for which sampling/preparing the -normalized vector 
exhibits super polynomial separation between quantum and classical randomized algorithms?

L2

• Can we obtain an exponential separation?

• Lower bounds for classical MCMC and quantum analogs are rare, can we obtain classical and 
quantum lower bounds for approximating the 0-1 permanent?

Thank you!


